Bayes Rule and its Applications

Bayes Rule: P(By|A) = P(A|B,)P(By,)/ X", P(A|B,)P(B;)

Example 1: In a certain factory, machines A, B, and C are all producing springs of the
same length. Of their production, machines A, B, and C produce 2%, 1%, and 3%
defective springs, respectively. Of the total production of springs in the factory,
machine A produces 35%, machine B produces 25%, and machine C produces 40%.
Then we have

P(D|A) = 0.02, P(A) = 0.35;
P(D|B) = 0.01, P(B) = 0.25;
P(D|C) = 0.03, P(C) = 0.40.

If one spring is selected at random from the total springs produced in a day, the
probability that it is defective equals

P(D) = Y xerapcy P(D|X)P(X) = 215/10000

If the selected spring is defective, the conditional probability that it was produced
by machine A, B, or C can be calculated by

P(A|D) = P(D|A)P(A)/P(D) = 70/215
P(B|D) = P(D|B)P(B)/P(D) = 25/215
P(C|D) = P(D|C)P(C)/P(D) = 120/215



Foundation for Normal Distributions

a) = [Ce 7t for a>0
a+1)=al(a)

1
e I'(n+1)=n! Yinteger n > 0 where 0! = 1.
° fgoe_”Cde: @
. I()= V7 N
e X ~ N(u,0?) means that fx(z) = \/176_(96_“) 27 — 0 <x < o0

2mo2
e Sampling X ~ N(u,0?) by Matlab

e Y = random('Normal', u, o, SampleSize, 1)
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Expectation and Covariance Matrix

Let X, X5, ---, X, be random variables such that the expectation, variance, and
covariance are defined as follows.

pj = E[Xj], of = Var(X;) = E[(X; — 1;)?] (1)
pijoioy = Cov(X;, X;) = E[(Xi — p:) (X — )] (2)
Suppose X = [X;, X5, ---, X,]' be a random vector, then the expectation and

covariance matrix of X is defined as

E[X] = [p1, pa, -+, )" = p (3)
Cov(X) = [E[(Xi — ) (X — p1)]] (4)



Bayes Decision Theory

(1) p(w;): a priori probability
(2) p(x|w;): class conditional density function
(3) p(w;|x): a posteriori probability
(4) a(x): an action (a decision)
(5) AMa(x)|w,;): the loss function
plerror) = Y. plerror|x)p(x) = Y pla(x) € w;, X € wj, 1 # j)p(x)
R(a(x)|x) = Z]C:l A a(x)|w;)p(w;j|x): conditional risk for pattern x

> R(a(x)|x)p(x): average error of probability (error rate)

e Bayes Decision Rule

For each x, find a(x) which minimizes R(«(x)|x)

L N0 hif alx) = w;,
For the 0-1 loss function, i.e. AM(a(x)|w;) = { 1 otherwise
Then the Bayes decision rule can be reduced to
min [R(a()[x)] = ming[1 - plw; )] = maz; p(wi]x)
or

Assign x to class w; if p(w;|x) > p(w;|x) for j # i



Example 2: X|w; ~ N(u;,0?)

plals) = —o—eapl—(o = 1)*/20)

The Bayes decision rule is to assign x to class w; if

plerl) > plele) for j i
iff
plalwnp(wi) > plale)p(w)
it 1 1 1
oS00+ 0 = ) = = > o) ()

(2
In particular,

(a) if o; = o for each i, then the Bayes rule is to assign z to class w; if
Loy o 2
(s = pg) = 5 (pi = 5) > o”Infp(w;)/p(wi)]

(b) if 0; = 0 and p(w;) = 1/C for each i, then the Bayes rule is to assign = to class w; if

1

(m—#ﬂh—gmﬁwm]>0



Example 3: X|w; ~ N(u;,C;)

1

WGW[—(X — i) Oy (x — i) /2]

podes) = 5

The Bayes decision rule is to assign x to class wj if

p(wilz) > plwslz) for j # i
iff

N | —

> In[p(w;)/p(wi)]

In particular,

(a) if C; = C for each i, then the Bayes decision rule is to assign x to class w; if
- 1 . -
(i = 1) O = S [0 s = 450 ] > Infp(w;) [p(wi)]
(b) if C; = oI for each i, then the Bayes decision rule is to assign x to class w; if

(i = p1g)'x = %(Ilmll2 = llill*) > o*inlp(w;)/p(w)]

[ln(\Cj|/\Ci|) + (Xth’lx —2x'C ;s + M;Cfluj) — (Xthlx —2x'C7 s + MEC[I,MZ')}



Example 4: X|w; ~ N(u;,C), i=1,2

Let A(x) = In[p(x|wr)/p(x|ws)] = [x = 5 (1 + p2)|"C™ (11 = o),
and let r = In[p(ws)/p(wi)].

The Bayes decision rule is to assign x to class w; if A(x) > 7.

Note that A
X ECw = A(X)NN(E,A)

—A
X Ewy = AX)~N(—,A)

2

where A = (1 — pg)'C ™ (py — p2) is called the square Mahalanobis distance.
Hint: Prove that [ A(x)p(x|wi)dx = £ and [[A(x) — §]*p(x|w;)dx = A

Then the Bayes error rate can be computed by

E* = p[x € wy, A(X) > 7]+ p[x € wy, A(X) < 7]

= pws) [ mxexp[—(y + 3)°/2Aldy + p(wn) [Z mxerp[—(y — $)*/2A]dy



Proof of A(X)|w; ~ N(5,4)
X is a multivariate normal distribution so is its linear mapping A(X).
EAX)wn] = JAX)p(x|wi)dx
= J{lx = 3(u + p2)]'C (= p2) hp(xfwr )dx
= [X'C7 (i — po)p(xfwi)dx — 5 [(n + p2)' O~ (1 — pro)p(xfwn)dx
= JEPEIw)dx]CT (1 = p2) = 5[(m + p2)' C7 (= pi2)] [ p(X|wr)dx

= pCH = p) — 5+ ) C (i — o)

B>

= 5l —p2)'C7 (s — pa) =

Var[A(X)lw] = JIAx) = 3Pp(x|w)dx
= JI(x =)' C7 (1 — p2)Pp(x¢|wn)dx
= (1 — p2)' CHS[(x = 1) (3 = )P (xcfewn )dx O (par — pao)
= (11— p2)'C7ICC™ (11 — p1a)

= (1 — p2)'C7 (1 — p2) = A



In Example 4, let

1 ~1
N1:[1]a M2:[_11, C =1, and let p(wy) = p(we) = 1/2

r=In[p(wz)/p(w1)] =0

A= (= p2)' T — p2) = 8

The Bayes decision rule is to assign x to wy if 221 + 229 > 0

The Bayes error rate is p(error) = @(—\/TZ) = (IJ(—‘/Tg) = ®(—V2)
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Example 5: Bayes decision theory in a discrete case

Consider a two-class problem and assume that each component z; of the pattern x is
either 0 or 1 with the conditional probabilities

p; = p(z; = 1|wy) and q; = p(z; = 1|ws) (5)

Suppose that the components of x are conditionally independent. Then

d
p(x|wr) = H 1 % p(x|wg) = H (1—q) 1 i (6)

Let the log-likelihood ratio A(x) = In[p(x|w;)/p(x|ws)], and r = In[p(w2)/p(w1)], then

J=1

x) = ;%ln[??j(l —5)/q;(1 —p;)] + D In[(1 —p;) /(1 — ;)] (7)

The Bayes decision rule is to assign x to wy if A(x) > r.

The decision boundary is Z?Zl w;x; + wy = 0, where
wj = Inlp;(1 —¢;)/q;(1 —py)], 1 <j <d,

wo = Y5_ In[(1 —p;) /(1 = ;)] + Infp(wr) /p(ws)]

In particular, if p(wy) = p(ws) =1/2, p; =p, ¢ =q=1—pfor 1 < j <d, dis odd
and p > ¢, then the Bayes error rate is

(d-1)/2 d! i ik
B = l;) mp (1-p) (8)
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O X|wy ~ N(3,2?) and X|wy ~ N(6,1?)

1 .
p(lw;) = \/ﬁo_‘eafp[—(x — wi)?/207], i=1,2

The Maximum Likelihood (ML) decision is to assign = to wy if p(x|wi) > p(x|ws)
The Bayes decision is to assign x to wy if p(x|wi)p(wi) > p(z|w)p(ws)

Note that ML is the special case by assuming p(w;) = p(ws) = % which need not be true

1

in practical applications. We shall show the effect of p(w;) = %, plwa) = 3.

ML Decision: y € wy if y <7 — /44 (8In2)/3 or y > 7+ /4 + (8In2)/3

Bayes Decision: y € wy if y <5ory >9

The error probability can be computed by
Err = plen) J! g expl— (o — 3)2/(2 - 2)]da
+ plun) {7 S expl—( — 6)2/2]da
T I < expl— (@ — 6)?/2]dz}

where a=4.5817, b=9.4183 for ML decision, and a=5, b=9 for Bayes decision, then
& Erryp = 0.1650 and Errpeyes = 0.1532.
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O Xlw; ~ Rayleigh(1?) and X|ws ~ Rayleigh(3?)

2
X X
plalwr) = 2 exp(—osy

), i=1,2

The Maximum Likelihood (ML) decision is to assign = to wy if p(xz|w;) > p(x|ws)

The Bayes decision is to assign x to wy if p(x|wi)p(wi) > p(z|w)p(ws)

Note that ML is the special case by assuming p(w;) = p(ws) = 1 which need not be true

2
in practical applications. We shall show the effect of p(wy) = %, plws) = i with o7 < 03.

o b

ML Decision: y € w; if 0 <y < \/33%?2 x In(
2 1

g
g

)

=

|mm

=)

o p(w2)

Bayes Decision: y € wy if 0 <y < \/jg?ﬁ x [In(Z) + ln<p(wl))]
2 1
The error probability can be computed by
Err = pw) [ %exp(—%)dx

X 1'2
T p(ws) J} & exp(—s%)dr

2

= pw) - exp(—%) + plws) - [1 — exp(—;T%)]

where t=2.2235 for ML decision, and t=2.7232 for Bayes decision, then
& Erry, = 0.1234 and Errpayes = 0.1028.
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O Xlwp ~ x2(r) and X|wy ~ x2(r9)

1

W{E(Ti/Q)_le_$/2, T > 0, 7= 1, 2
T i

p(lwi) =

The Maximum Likelihood (ML) decision is to assign = to wy if p(x|w;) > p(x|ws)
The Bayes decision is to assign © to wy if p(z|wi)p(wi) > p(x|w2)p(ws)

Note that ML is the special case by assuming p(w;) = p(w2) = 3 which need not be true
in practical applications. We shall show the effect of p(wy) = %, plws) = g with r| < ro.

ML Decision:

. D(re/2) (. ,
c o(r2=r1)/2  .(r2—r1)/2

Bayes Decision:
P(T2/2)2(7‘277‘1)/2p(w1) > x(TQ*Tl)/Q

vewr i w ) (o)

The error probability can be computed by

Err = p(wl) ftoo F(r1/21)2T1/2x(r1/2)71671/2dx

+p(CU2) f(;f Wx(rz/ﬁflefx/%ix

When r; = 4,7y =8, p(wy) =1/7, p(wy) = 6/7, we have
t=4.899 for ML decision, and t=2.0 for Bayes decision, and

& Erry, = 0.2411 and Errpgyes = 0.1214.
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O X|wy ~ N(py,0?) and X|ws ~ N(us,03)

1 .
p(alw;) = \/ﬁo_‘eafp[—(x — wi)?/207], i=1,2

The Maximum Likelihood (ML) decision is to assign = to wy if p(x|wi) > p(x|ws)
The Bayes decision is to assign x to wy if p(x|wi)p(wi) > p(z|w)p(ws)

Note that ML is the special case by assuming p(w;) = p(ws) = % which need not be true
in practical applications.

The error probability can be computed by

Err = pw) J7° s expl—(2 — m)?/(20%)]dx

+ p(w2) fo gy exPl— (7 — p2)?/(203))dx

2

O As soon as T' is chosen, Parameters p(w;), p;, 07, @ = 1,2 could be estimated, so is Err.

e Otsu (1979) and Fisher (1936) chose T to maximize the following criterion, respectively
o = plwi)p(ws)(pr — pa)?

Fisher = Wim)
O’%-}—O’%




A Simple Thresholding Algorithm
By Otsu, IEEE Trans. on SMC, 62-66, 1979

(1) p; < &, where n = Y& tng

(2) ur = 350 kpw
(3) Dofor k=0, G—-1
w(k) — Yiop

u(k) Zf:o 1p;

(4) Select k* such that o%(k) is maximized

Note that
o wy=w(k), up = Z?:o iP(i|Cy) = u(k)/w(k)

o wi=1-w(k), m =545 iP3EC) = [ur — u(k)]/[1 - w(k)]
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Gamma Function and the Volumes of High
Dimensional Spheres

1. Define I(z) = [ e t*dt for > 0 and let v = [° e " dz. Then
(2) D) = [§* e de =
(b) Show that I'(3) =2y = /7
(c) T'(z+1) =2l(x), forx >0, I'(n)=(n—1)lifne N.

(d) The volume of a d — dimensional unit sphere is 742 /I'(4 4 1).

The volume of a d—dim unite sphere is ™2/ ((d/2)+1)
6 T T

Il Il
° 5 10 15

Figure 1: The Volume of a High Dimensional Sphere.

V(1)=2; V(2)=pi; V(3)=4*pi/3;

V(4)=pi*pi/2; V(5)=8xpix*pi/15; V(6)=pi*pix*pi/6;
V(7)=16xpixpixpi/105; V(8)=(pi)~4/24; V(9)=32x(pi)~4/945;
V(10)=(pi) ~5/120; V(11)=64%(pi) "5/10395; V(12)=(pi)~6/720;
V(13)=128*(pi)~6/135135; V(14)=(pi)"7/5040; V(15)=256%*(pi) ~7/2027025;
D=1:15;

plot(D,V,’b-v’)
title(’The volume of a d-dim unit sphere is \pi~{d/2}/\Gamma((d/2)+1)’)
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The Derivation of Volumn for an n-Dimensional

Sphere
O For n = 2,
— ox oz
ry=rcosf, 0<60<2m ;  O@rw) on Oz B
C T ane) -
xo=rsinf, 0<r<R ’ % %

The volumn is computed by

R 27 R 27
Vy = / Jodrdf = / / rdrdf = 7 R?
0 0 0 0

O For n = 3,
dr; 0 0
xy =rcosbtycoslhy, 0<6y <27 = SR 53
a(xlu X, x3) o)
. r1 Ozo  Oz3 2

Lo = 1 cos 07 sin Oy —I<<I, J3g=———2=1| 51 =22 253 | =r‘cosb

) P) 2 8(T, 91’ 92) 001 001 061
xr3 = rsin b, 0<r<R —‘39521 —ggi —gﬁ;”

The volumn is computed by

R ,m/2 27 R rm/2 271 AT R3
V, = / / Jodrd0ydfy = / / / r2 cos Oy drdfydfy — ”3
0 0 0

—7/2J0 —m/2




O For n > 4,

n
Note that fo =72 and denote ¢; = cosb;, s;

x1 = r cos 0y cos O

T9 = 7 c0s 01 cos b,

cos b, osinb, 1, —5 <6, o<

r3 =1 cosbicosbly---cosb,_zsinb,_o,

xj =rcosfcosty---cosb,_;sinb, jii,

Tp_1 = 1 cosfysin by,

T, = rsin b,

=1

Jacobian J,, =

O(z1,22,"%n)

(01, 0n—1)

C1C2 "+ " Cp—2Cp—1
—81C2 - Cp—2Cp—1
—C182 " Cpn—2Cpn—1
—C1Cg*** Sp—2Cp—1
—Ci1C2 - Cp—2Sp—1

is computed as
Cch ..
_8162 ..

_0182 Y

_Clc2 DR

Clcz ..

*Cp—28n—1

*Cp—25n—1

*Cp—28n—1

Sp—28n—1

*Cp—2Cn—1
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cosb,_scosb,_1, 0<0,_1 <2

[MIE]

I
ol
IA
>

]

w
IA
ol

|
VB
IN
>

3

d
IA
B

I
vl
IN
>

S
IN
vl

o
IA
.

IA
=y

sinf; for 1 <7 <n —1. Then the

C1C2 * * * Cpn—3Sp—2 81
_8162 .« .. CTL*3S'I’L72 .« .. Cl
_1h$2...cn_3$n_2 o .. O

0162 PR Cn73cn72 PR O

0 0
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Then
1 1 1 1 1
—t —t —h %
—19 —ty —t9 0 -
sinb;
J :Tnflcnflcn72...cl S1S0 8, U}h@r@ t, = :
n 1 G n—15152 n—1 _ . _ R ' cosb;
1
ln—2 —tp—2 thoa 0
—tn_1 tn: 0O --- 0

Subtracting each column from the preceding one and do further simplifications, we obtain

1
_ -1 .n—1 _n—2 1 n—1
Jn = AT T si8y - sp I (8 + t_)
J
_ n—1,n—1 _n—2 1 anl 1
= 7r c Co "'Cn718182"'8n71 j=1<—>
8 Y C
J J
_ n—1_n—2 n—3 2
=T c Coy "Ch_3Cn_2

= 1" lcos™ 26, cos" 30y cos®b,_5cost 0, s
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Therefore, the volumn of an n-dimensional sphere can be calculated by

R r2m ,m/2 /2 /2
Vo= [ [ () dtrdts b odt
0 0 -

—7/2 w/2J—7/2

R 2w /2 w/2 /2
— / / / . / ) [ cos™ 2 0; cos™ 3 0y - - - cos O, _o)dO1dOy - - - db,,_odB,,_dr
0 0 - —7/2

—7/2 w/2

. 7.‘.71/2 n
= 1 B

Note that the above computations exploit the properties of the following Gamma and

Beta functions, and trignometry.

INa) = /OO et ldt for a >0
0

1
Beta(a, ) = / 2711 — ) Ydx, where a, B >0
0

Beta(a, ) = Fé‘é‘;}:g)

e Relationship Between Gamma and Beta Functions

(x)l(y) = /Oooe_“ux_ldu/oooe_”vy_ldv

= / / e TPyt Y  dudv
o Jo

) 1
= / / e (2t)" Hz(1 — )]V tzdtdz by putting u = 2t, v = z(1 —1t)
z=0 Jt=0

) 1
= / e’zz”y’ldz/ "1 — )t
z=0

t=0

= ['(z + y)Beta(z,y)

2m w/2
9, | = 2r, / 080, _odfl, 5 = 2.
—7/2
/2 9 T /2 /2
/ cos” 0,_3dl,_3 = —, / cos™ 0df = 2cos™0df, 3<a<n-—2
—7/2 2 —7/2 0
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Now
/2 0 1
/0 2 cos™ 0df =/ 2xmﬁd:c by letting x = cos 6
= 1me(l — 2 Vg = /12ym/2(1 - y)_l/Qidy, where © = /y
0 0 2\/y
= Oly%‘%(l y) Py = [ 2 y)E dy
— Beta(™£, 1) et
Therefore,

R 2w /2 w/2 /2
V, = / / / - / 1 cos" 2 ) cos™ 2 By - - - 08 O o] d01dBs - - - A6,y 1dr
0 0 —

—7/2 w/2J—m/2

= Z2n) () (3) A Beta(" o, 5) = g B



