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,Q PDQ\ VFLHQWLILF DSSOLFDWLRQV� G\QDPLF DUUD\

UHGLVWULEXWLRQ LV XVXDOO\ UHTXLUHG WR HQKDQFH WKH

SHUIRUPDQFH RI DQ DOJRULWKP� ,Q WKLV SDSHU� ZH SUHVHQW D

JHQHUDOL]HG EDVLF�F\FOH FDOFXODWLRQ �*%&&� PHWKRG WR

HIILFLHQWO\ SHUIRUP D %/2&.�&<&/,&�V� RYHU 3 SURFHVVRUV

WR %/2&.�&<&/,&�W� RYHU 4 SURFHVVRUV DUUD\

UHGLVWULEXWLRQ� ,Q WKH *%&& PHWKRG� D SURFHVVRU ILUVW

FRPSXWHV WKH VRXUFH�GHVWLQDWLRQ SURFHVVRU�GDWD VHWV RI DUUD\

HOHPHQWV LQ WKH ILUVW JHQHUDOL]HG EDVLF�F\FOH RI WKH ORFDO

DUUD\ LW RZQV� $ JHQHUDOL]HG EDVLF�F\FOH LV GHILQHG DV

OFP�V3� W4���JFG�V�W�×3� LQ WKH VRXUFH GLVWULEXWLRQ DQG

OFP�V3� W4���JFG�V�W�×4� LQ WKH GHVWLQDWLRQ GLVWULEXWLRQ�

)URP WKH VRXUFH�GHVWLQDWLRQ SURFHVVRU�GDWD VHWV RI DUUD\

HOHPHQWV LQ WKH ILUVW JHQHUDOL]HG EDVLF�F\FOH� ZH FDQ

FRQVWUXFW SDFNLQJ�XQSDFNLQJ SDWWHUQ WDEOHV� %DVHG RQ WKH

SDFNLQJ�XQSDFNLQJ SDWWHUQ WDEOHV� D SURFHVVRU FDQ

SDFN�XQSDFN DUUD\ HOHPHQWV HIILFLHQWO\� 7R HYDOXDWH WKH

SHUIRUPDQFH RI WKH *%&& PHWKRG� ZH KDYH LPSOHPHQWHG WKLV

PHWKRG RQ DQ ,%0 63� SDUDOOHO PDFKLQH� DORQJ ZLWK WKH

3,7)$//6 PHWKRG DQG WKH 6FD/$3$&. PHWKRG� 7KH FRVW

PRGHOV IRU WKHVH WKUHH PHWKRGV DUH DOVR SUHVHQWHG� 7KH

H[SHULPHQWDO UHVXOWV VKRZ WKDW WKH *%&& PHWKRG

RXWSHUIRUPV WKH 3,7)$//6 PHWKRG DQG WKH 6FD/$3$&.

PHWKRG IRU DOO WHVW VDPSOHV� $ EULHI GHVFULSWLRQ RI WKH

H[WHQVLRQ RI WKH *%&& PHWKRG WR PXOWL�GLPHQVLRQDO DUUD\

UHGLVWULEXWLRQV LV DOVR SUHVHQWHG�

.H\ZRUGV� UHGLVWULEXWLRQ� JHQHUDOL]HG EDVLF�F\FOH

FDOFXODWLRQ PHWKRG� GLVWULEXWHG PHPRU\ PXOWLFRPSXWHUV�

�� ,QWURGXFWLRQ

7KH GDWD�SDUDOOHO SURJUDPPLQJ PRGHO KDV EHFRPH D

ZLGHO\ DFFHSWHG SDUDGLJP IRU SURJUDPPLQJ GLVWULEXWHG�

PHPRU\ SDUDOOHO FRPSXWHUV� 7R HIILFLHQWO\ H[HFXWH D GDWD�

SDUDOOHO SURJUDP RQ D GLVWULEXWHG PHPRU\ PXOWLFRPSXWHU�

DSSURSULDWH GDWD GHFRPSRVLWLRQ LV QHFHVVDU\� 0DQ\ GDWD�

SDUDOOHO SURJUDPPLQJ ODQJXDJHV VXFK DV +LJK 3HUIRUPDQFH

)RUWUDQ �+3)�� )RUWUDQ ' DQG +LJK 3HUIRUPDQFH & �+3&�

SURYLGH FRPSLOHU GLUHFWLYHV IRU SURJUDPPHUV WR VSHFLI\

UHJXODU DUUD\ GLVWULEXWLRQ� QDPHO\� %/2&.� &<&/,&� DQG

%/2&.�&<&/,&� ,Q PDQ\ VFLHQWLILF SURJUDPV� LW LV

QHFHVVDU\ WR FKDQJH GLVWULEXWLRQ IDVKLRQ RI D SURJUDP DW

GLIIHUHQW SKDVHV LQ RUGHU WR DFKLHYH EHWWHU SHUIRUPDQFH�

([DPSOHV DUH PXOWLGLPHQVLRQDO IDVW )RXULHU WUDQVIRUP� WKH

$OWHUQDWLYH 'LUHFWLRQ ,PSOLFLW �$',� PHWKRG IRU VROYLQJ WZR�

GLPHQVLRQDO GLIIXVLRQ HTXDWLRQV� OLQHDU DOJHEUD VROYHUV� HWF�

6LQFH DUUD\ UHGLVWULEXWLRQ LV SHUIRUPHG DW UXQ�WLPH� WKHUH LV D

SHUIRUPDQFH WUDGH�RII EHWZHHQ WKH HIILFLHQF\ RI WKH QHZ GDWD

GLVWULEXWLRQ IRU D VXEVHTXHQW SKDVH RI DQ DOJRULWKP DQG WKH

FRVW RI UHGLVWULEXWLQJ DUUD\ DPRQJ SURFHVVRUV� 7KXV�

HIILFLHQW PHWKRGV IRU SHUIRUPLQJ DUUD\ UHGLVWULEXWLRQ DUH RI

JUHDW LPSRUWDQFH IRU WKH GHYHORSPHQW RI GLVWULEXWHG PHPRU\

FRPSLOHUV IRU GDWD�SDUDOOHO SURJUDPPLQJ ODQJXDJHV� 0DQ\

PHWKRGV IRU SHUIRUPLQJ DUUD\ UHGLVWULEXWLRQ ZHUH SURSRVHG LQ

WKH OLWHUDWXUH >�� �� �� �����@� 'XH WR WKH SDJH OLPLWDWLRQ�

ZH ZLOO QRW GHVFULEH WKHVH PHWKRGV KHUH� 7KH GHWDLO

LQIRUPDWLRQ DERXW WKHVH ZRUNV FDQ EH IRXQG LQ >�@�

,Q >�@� ZH SURSRVHG D EDVLF�F\FOH FDOFXODWLRQ WHFKQLTXH WR

HIILFLHQWO\ SHUIRUP D %/2&.�&<&/,&�V� WR %/2&.�

&<&/,&�W� UHGLVWULEXWLRQ RQ WKH VDPH SURFHVVRU VHW� ,Q

+3)� LW VXSSRUWV DUUD\ UHGLVWULEXWLRQ ZLWK DUELWUDU\ VRXUFH

DQG GHVWLQDWLRQ SURFHVVRU VHWV� %DVHG RQ WKH VSLULW RI WKH

EDVLF�F\FOH FDOFXODWLRQ WHFKQLTXH� LQ WKLV SDSHU� ZH SUHVHQW D

JHQHUDOL]HG EDVLF�F\FOH FDOFXODWLRQ �*%&&� PHWKRG WR

HIILFLHQWO\ SHUIRUP D %/2&.�&<&/,&�V� RYHU 3 SURFHVVRUV

WR %/2&.�&<&/,&�W� RYHU 4 SURFHVVRUV DUUD\ UHGLVWULEXWLRQ�

,Q WKH *%&& PHWKRG� D SURFHVVRU ILUVW FRPSXWHV WKH

VRXUFH�GHVWLQDWLRQ SURFHVVRU�GDWD VHWV RI DUUD\ HOHPHQWV LQ

WKH ILUVW JHQHUDOL]HG EDVLF�F\FOH RI WKH ORFDO DUUD\ LW RZQV�

$ JHQHUDOL]HG EDVLF�F\FOH LV GHILQHG DV OFP�V3� W4���JFG�V� W�

j 3� LQ WKH VRXUFH GLVWULEXWLRQ DQG OFP�V3� W4���JFG�V� W�j 4�

LQ WKH GHVWLQDWLRQ GLVWULEXWLRQ� )URP WKH VRXUFH�GHVWLQDWLRQ

SURFHVVRU�GDWD VHWV RI DUUD\ HOHPHQWV LQ WKH ILUVW JHQHUDOL]HG

EDVLF�F\FOH� ZH FDQ FRQVWUXFW SDFNLQJ�XQSDFNLQJ SDWWHUQ

WDEOHV� 6LQFH HDFK JHQHUDOL]HG EDVLF�F\FOH KDV WKH VDPH

FRPPXQLFDWLRQ SDWWHUQ� EDVHG RQ WKH SDFNLQJ�XQSDFNLQJ

SDWWHUQ WDEOHV� D SURFHVVRU FDQ SDFN�XQSDFN DUUD\ HOHPHQWV

HIILFLHQWO\�

7R HYDOXDWH WKH SHUIRUPDQFH RI WKH *%&& PHWKRG� ZH

KDYH LPSOHPHQWHG WKLV PHWKRG RQ DQ ,%0 63� SDUDOOHO

PDFKLQH� DORQJ ZLWK WKH 3,7)$//6 PHWKRG DQG WKH

6FD/$3$&. PHWKRG� %RWK WKHRUHWLFDO DQG H[SHULPHQWDO

SHUIRUPDQFH DQDO\VLV ZHUH FRQGXFWHG IRU WKHVH WKUHH PHWKRGV�

7KH WKHRUHWLFDO SHUIRUPDQFH DQDO\VLV VKRZV WKDW WKH LQGH[LQJ

FRVW RI WKH *%&& PHWKRG LV OHVV WKDQ WKRVH RI WKH 3,7)$//6

PHWKRG DQG WKH 6FD/$3$&. PHWKRG� 7KH

SDFNLQJ�XQSDFNLQJ FRVW RI WKH *%&& PHWKRG LV OHVV WKDQ RU



HTXDO WR WKRVH RI WKH 3,7)$//6 PHWKRG DQG WKH 6FD/$3$&.

PHWKRG� 7KH H[SHULPHQWDO UHVXOWV VKRZ WKDW WKH *%&&

PHWKRG RXWSHUIRUPV WKH 3,7)$//6 PHWKRG DQG WKH

6FD/$3$&. PHWKRG IRU DOO WHVW VDPSOHV� $ EULHI

GHVFULSWLRQ RI WKH H[WHQVLRQ RI WKH *%&& PHWKRG WR PXOWL�

GLPHQVLRQDO DUUD\ UHGLVWULEXWLRQV LV DOVR SUHVHQWHG�

�� 3UHOLPLQDULHV

7R VLPSOLI\ WKH SUHVHQWDWLRQ� ZH XVH �V� 3�→�W� 4� WR

UHSUHVHQW WKH UHGLVWULEXWLRQ RI %/2&.�&<&/,&�V� RYHU 3

SURFHVVRUV WR %/2&.�&<&/,&�W� RYHU 4 SURFHVVRUV DQG

1 GHQRWHV WKH JOREDO DUUD\ VL]H IRU WKH UHVW RI WKH SDSHU�

:H DOVR DVVXPH WKDW DOO DUUD\ HOHPHQWV DQG SURFHVVRUV DUH

LQGH[HG VWDUWLQJ IURP ��

'HILQLWLRQ �� *LYHQ D �V� 3�→�W� 4� UHGLVWULEXWLRQ�

%/2&.�&<&/,&�V�� %/2&.�&<&/,&�W�� V� W� 3 DQG 4

DUH FDOOHG WKH VRXUFH GLVWULEXWLRQ� WKH GHVWLQDWLRQ

GLVWULEXWLRQ� WKH VRXUFH GLVWULEXWLRQ IDFWRU� WKH GHVWLQDWLRQ

GLVWULEXWLRQ IDFWRU� WKH QXPEHU RI VRXUFH SURFHVVRUV DQG

WKH QXPEHU RI GHVWLQDWLRQ SURFHVVRUV RI WKH UHGLVWULEXWLRQ �

UHVSHFWLYHO\�

'HILQLWLRQ �� *LYHQ D �V� 3�→�W� 4� UHGLVWULEXWLRQ RQ D

RQH�GLPHQVLRQDO DUUD\ $>��1−�@� WKH VRXUFH ORFDO DUUD\ RI
SURFHVVRU 3L� GHQRWHG E\ 6/$L>��1�3−�@� LV GHILQHG DV WKH

VHW RI DUUD\ HOHPHQWV WKDW DUH GLVWULEXWHG WR SURFHVVRU 3L LQ

WKH VRXUFH GLVWULEXWLRQ� ZKHUH L  � WR 3−�� 7KH

GHVWLQDWLRQ ORFDO DUUD\ RI SURFHVVRU 4M� GHQRWHG E\

'/$M>��1�4−�@� LV GHILQHG DV WKH VHW RI DUUD\ HOHPHQWV WKDW
DUH GLVWULEXWHG WR SURFHVVRU 4M LQ WKH GHVWLQDWLRQ

GLVWULEXWLRQ� ZKHUH M  � WR 4−��
'HILQLWLRQ �� *LYHQ D �V� 3�→�W� 4� UHGLVWULEXWLRQ RQ D

RQH�GLPHQVLRQDO DUUD\ $>��1−�@� WKH VRXUFH SURFHVVRU RI

DQ DUUD\ HOHPHQW LQ $>��1−�@ RU '/$M>��1�4−�@ LV GHILQHG
DV WKH SURFHVVRU WKDW RZQV WKH DUUD\ HOHPHQW LQ WKH VRXUFH

GLVWULEXWLRQ� ZKHUH M  � WR 4−�� 7KH GHVWLQDWLRQ

SURFHVVRU RI DQ DUUD\ HOHPHQW LQ $>��1−�@ RU

6/$L>��1�3−�@ LV GHILQHG DV WKH SURFHVVRU WKDW RZQV WKH

DUUD\ HOHPHQW LQ WKH GHVWLQDWLRQ GLVWULEXWLRQ� ZKHUH L  �

WR 3−��
'HILQLWLRQ �� *LYHQ D �V� 3�→�W� 4� UHGLVWULEXWLRQ RQ D

RQH�GLPHQVLRQDO DUUD\ $>��1−�@� WKH JHQHUDOL]HG EDVLF�

F\FOH �*%&� LV GHILQHG DV *%&  
( )

( ) 3WVJFG

4W3VOFP

×
××

�

�

LQ WKH

VRXUFH GLVWULEXWLRQ DQG *%&  
( )

( ) 4WVJFG

4W3VOFP

×
××

�

�

LQ WKH

GHVWLQDWLRQ GLVWULEXWLRQ� :H GHILQH 6/$L>��*%&−�@
�'/$M>��*%&−�@� DV WKH ILUVW JHQHUDOL]HG EDVLF�F\FOH RI D

VRXUFH �GHVWLQDWLRQ� ORFDO DUUD\ RI SURFHVVRU 3L �4M��

6/$L>*%&��×*%&−�@ �'/$M>*%&��×*%&−�@� DV WKH

VHFRQG EDVLF�F\FOH RI D VRXUFH �GHVWLQDWLRQ� ORFDO DUUD\ RI

SURFHVVRU 3L �4M�� DQG VR RQ�

'HILQLWLRQ �� *LYHQ D �V� 3�→�W� 4� UHGLVWULEXWLRQ� D

JHQHUDOL]HG EDVLF�F\FOH RI D VRXUFH �GHVWLQDWLRQ� ORFDO

DUUD\ FDQ EH GLYLGHG LQWR *%&�V �*%&�W� EORFNV� :H

GHILQH WKRVH EORFNV DV WKH VRXUFH �GHVWLQDWLRQ� VHFWLRQV RI

D JHQHUDOL]HG EDVLF�F\FOH RI D VRXUFH �GHVWLQDWLRQ� ORFDO

DUUD\�

�� 7KH *%&& PHWKRG IRU $UUD\ 5HGLVWULEXWLRQ

7KH PDLQ LGHD RI WKH *%&& PHWKRG LV EDVHG RQ WKDW

HYHU\ JHQHUDOL]HG EDVLF�F\FOH RI D ORFDO DUUD\ KDV WKH VDPH

FRPPXQLFDWLRQ SDWWHUQ� )RU H[DPSOH� )LJXUH � VKRZV D

��� ��→��� �� UHGLVWULEXWLRQ RQ D RQH�GLPHQVLRQDO DUUD\

ZLWK �� HOHPHQWV� $FFRUGLQJ WR 'HILQLWLRQ �� WKH

JHQHUDOL]HG EDVLF�F\FOH LQ WKH VRXUFH GLVWULEXWLRQ DQG WKH

GHVWLQDWLRQ GLVWULEXWLRQ RI WKH UHGLVWULEXWLRQ LV � DQG ��

UHVSHFWLYHO\� ,Q )LJXUH �� WKH ORFDO DUUD\ LQGLFHV DUH

UHSUHVHQWHG DV LWDOLF QXPEHUV ZKLOH WKH JOREDO DUUD\

LQGLFHV DUH UHSUHVHQWHG DV QRUPDO QXPEHUV� 7KHUH DUH

IRXU JHQHUDOL]HG EDVLF�F\FOHV LQ HDFK VRXUFH�GHVWLQDWLRQ

ORFDO DUUD\� )RU HDFK VRXUFH �GHVWLQDWLRQ� ORFDO DUUD\�

DUUD\ HOHPHQWV LQ WKH NWK SRVLWLRQ RI HDFK JHQHUDOL]HG

EDVLF�F\FOH KDYH WKH VDPH GHVWLQDWLRQ �VRXUFH� SURFHVVRU�

L�H�� DOO RI WKHP ZLOO EH VHQW WR �UHFHLYHG IURP� WKH VDPH

GHVWLQDWLRQ �VRXUFH� SURFHVVRU GXULQJ WKH UHGLVWULEXWLRQ�

ZKHUH N  � WR *%&−�� 7KLV REVHUYDWLRQ VKRZV WKDW HDFK

JHQHUDOL]HG EDVLF�F\FOH RI D ORFDO DUUD\ KDV WKH VDPH

FRPPXQLFDWLRQ SDWWHUQ�

)LJXUH �� $ ��� ��→��� �� UHGLVWULEXWLRQ RQ D RQH�

GLPHQVLRQDO DUUD\ ZLWK 1 �� HOHPHQWV�

$QRWKHU H[DPSOH RI D ��� ��→��� �� UHGLVWULEXWLRQ RQ

$>����@ LV VKRZQ LQ )LJXUH ��D�� 7KH JHQHUDOL]HG EDVLF�

F\FOH LQ WKH VRXUFH GLVWULEXWLRQ DQG WKH GHVWLQDWLRQ

GLVWULEXWLRQ RI WKH UHGLVWULEXWLRQ LV � DQG �� UHVSHFWLYHO\�

+RZHYHU� WKH REVHUYDWLRQ WKDW ZH REWDLQHG IURP )LJXUH �

�HDFK JHQHUDOL]HG EDVLF�F\FOH RI D ORFDO DUUD\ KDV WKH VDPH

FRPPXQLFDWLRQ SDWWHUQ� FDQQRW EH DSSOLHG WR WKH FDVH

VKRZQ LQ )LJXUH ��D� GLUHFWO\� )RU H[DPSOH� WKH

GHVWLQDWLRQ SURFHVVRUV RI WKH VHFRQG DUUD\ HOHPHQWV LQ WKH

ILUVW DQG WKH VHFRQG JHQHUDOL]HG EDVLF�F\FOHV RI WKH VRXUFH

ORFDO DUUD\ RI SURFHVVRU 3� DUH 4� DQG 4�� UHVSHFWLYHO\�

7KH UHDVRQ� ZKLFK WKH REVHUYDWLRQ FDQQRW EH DSSOLHG

GLUHFWO\� LV WKDW WKH YDOXH RI JFG��� �� LV QRW HTXDO WR RQH�

%\ JURXSLQJ HYHU\ JFG��� �� JOREDO DUUD\ LQGLFHV RI DUUD\

$ WR D PHWD�LQGH[� DUUD\ $>��1−�@ FDQ EH WUDQVIRUPHG WR D
PHWD�DUUD\ %>��1�JFG��� ��−�@� ZKHUH %>N@  ^$>N×JFG���
��@� �� $>�N���×JFG��� ��−�@` DQG N  � WR 1�JFG��� ��−��
7KHQ� WKH REVHUYDWLRQ WKDW ZH REWDLQHG IURP )LJXUH � FDQ

EH KHOG LI ZH XVH DUUD\ % IRU WKH UHGLVWULEXWLRQ� $Q

H[DPSOH RI XVLQJ PHWD�DUUD\ IRU WKH DUUD\ UHGLVWULEXWLRQ RI

)LJXUH ��D� LV VKRZQ LQ )LJXUH ��E��



,Q WKH IROORZLQJ GLVFXVVLRQ� ZH DVVXPH WKDW D �V�

3�→�W� 4� UHGLVWULEXWLRQ RQ $>��1−�@ LV JLYHQ� :H DOVR

DVVXPH WKDW JFG�V� W� LV HTXDO WR �� ,I JFG�V� W� LV QRW

HTXDO WR �� ZH XVH V�JFG�V� W� DQG W�JFG�V� W� DV WKH VRXUFH

DQG GHVWLQDWLRQ GLVWULEXWLRQ IDFWRUV RI WKH UHGLVWULEXWLRQ�

UHVSHFWLYHO\�

)LJXUH �� �D� $ ��� ��→��� �� UHGLVWULEXWLRQ ZLWK 1  ��� �E�

$Q H[DPSOH RI XVLQJ D JURXSHG PHWD�DUUD\ IRU WKH

UHGLVWULEXWLRQ LQ �D��

��� 6HQG 3KDVH

(DFK JHQHUDOL]HG EDVLF�F\FOH RI D ORFDO DUUD\ KDV WKH

VDPH FRPPXQLFDWLRQ SDWWHUQ� 7KHUHIRUH� HDFK VRXUFH

SURFHVVRU RQO\ QHHGV WR FRPSXWH WKH VHQG SURFHVVRU�GDWD

VHWV RQ WKH ILUVW JHQHUDOL]HG EDVLF�F\FOH RI WKH ORFDO DUUD\

WKDW LW RZQV� 7KHQ� EDVHG RQ WKH VHQG SURFHVVRU�GDWD VHWV

RI WKH ILUVW JHQHUDOL]HG EDVLF�F\FOH� LW FDQ SDFN DUUD\

HOHPHQWV LQWR PHVVDJHV DQG VHQG PHVVDJHV WR WKHLU

FRUUHVSRQGLQJ GHVWLQDWLRQ SURFHVVRUV�

*LYHQ D �V�3�→�W� 4� UHGLVWULEXWLRQ RQ $>��1−�@� WKH
GHVWLQDWLRQ SURFHVVRU RI DUUD\ HOHPHQW 6/$L>N@ LQ

6/$L>��*%&−�@ RI VRXUFH SURFHVVRU 3L FDQ EH GHWHUPLQHG

E\ WKH IROORZLQJ HTXDWLRQV�

( )   ( )VNPRGVL3VVNNVJLQGH[L �� +×+××= ���

( )( ) ( ) ( )4WNVJLQGH[PRGNVJLQGH[GS LLL ��= ���

ZKHUH N  � WR *%&−�� 7KH IXQFWLRQ VJLQGH[L�N�

FRQYHUWV WKH ORFDO DUUD\ LQGH[ RI DQ DUUD\ HOHPHQW LQ D

VRXUFH ORFDO DUUD\ WR LWV FRUUHVSRQGLQJ JOREDO DUUD\ LQGH[�

L�H�� 6/$L>N@  $>VJLQGH[L�N�@� 7KH IXQFWLRQ

GSL�VJLQGH[L�N�� LV XVHG WR GHWHUPLQH WKH GHVWLQDWLRQ

SURFHVVRU RI WKH JOREDO DUUD\ HOHPHQW $>VJLQGH[L�N�@�

,I WKH YDOXH RI *%& LV ODUJH� LW PD\ WDNH D ORW RI WLPH

WR FRPSXWH WKH GHVWLQDWLRQ SURFHVVRU RI HYHU\ DUUD\

HOHPHQW LQ D JHQHUDOL]HG EDVLF�F\FOH E\ XVLQJ (TXDWLRQV ���

DQG ���� 6LQFH DUUD\ HOHPHQWV LQ D VRXUFH VHFWLRQ KDYH

FRQVHFXWLYH JOREDO DUUD\ LQGLFHV� IRU D VRXUFH SURFHVVRUV

3L� LI WKH GHVWLQDWLRQ SURFHVVRU RI 6/$L>��U−�@ LV 4M� WKHQ

WKH GHVWLQDWLRQ SURFHVVRUV RI 6/$L>U�U�W−�@�
6/$L>U�W�U��W−�@� �� DQG 6/$L>U��V−U��W×W�V−�@ DUH

( )4MPRG4 ��+ � ( )4MPRG4 ��+ � �� DQG ( ) ( )4WUVMPRG4 ��−+ �

UHVSHFWLYHO\� ZKHUH � ≤ U ≤ W� )RU H[DPSOH� )LJXUH �

VKRZV WKH VHQG SURFHVVRU�GDWD VHWV RI WKH ILUVW JHQHUDOL]HG

EDVLF�F\FOH RI VRXUFH SURFHVVRUV IRU D ������→�����

UHGLVWULEXWLRQ VKRZQ LQ )LJXUH �� ,Q )LJXUH �� IRU VRXUFH

SURFHVVRU 3�� WKH GHVWLQDWLRQ SURFHVVRU RI 6/$�>��U−�@  
6/$�>���@ LV 4M  4�� ZKHUH U  � DQG M  �� 7KH

GHVWLQDWLRQ SURFHVVRUV RI 6/$�>U�U�W−�@  6/$�>���@�

6/$�>U�W�U��W−�@  6/$�>���@� DQG 6/$�>U��V−U��W×W�V−�@
 6/$�>���@ DUH ( )4MPRG4 ��+  4�� ( )4MPRG4 ��+  4� DQG

( ) ( )4WUVMPRG4 ��−+  4�� UHVSHFWLYHO\� 7KHUHIRUH� LI ZH

NQRZ WKH GHVWLQDWLRQ SURFHVVRU RI WKH ILUVW DUUD\ HOHPHQW

RI D VRXUFH VHFWLRQ DQG WKH YDOXH RI U� ZH FDQ GHWHUPLQH

WKH VHQG SURFHVVRUV�GDWD VHWV LQ D VRXUFH VHFWLRQ� 7R

GHWHUPLQH WKH JOREDO DUUD\ LQGH[ RI WKH ILUVW DUUD\ HOHPHQW

RI D VRXUFH VHFWLRQ� (TXDWLRQ ��� FDQ EH VLPSOLILHG DV

IROORZ�

( ) VL3NNVJLQGH[L ×+×= ���

ZKHUH N LV WKH ORFDO DUUD\ LQGH[ RI WKH ILUVW DUUD\

HOHPHQW RI D VRXUFH VHFWLRQ� 7KH YDOXH RI U FDQ EH

GHWHUPLQHG E\ WKH IROORZLQJ HTXDWLRQ�

( ) ( ) ( )NVJLQGH[WWNVJLQGH[U LL −×+= �� ���

6LQFH D JHQHUDOL]HG EDVLF�F\FOH KDV *%&�V VRXUFH

VHFWLRQV� (TXDWLRQV ���� ���� DQG ��� RQO\ QHHG WR EH

SHUIRUPHG *%&�V WLPHV� 7KHQ WKH VHQG SURFHVVRU�GDWD

VHWV RI D JHQHUDOL]HG EDVLF�F\FOH FDQ EH REWDLQHG�

)LJXUH �� 7KH VHQG SURFHVVRU�GDWD VHWV RI WKH ILUVW

JHQHUDOL]HG EDVLF�F\FOH IRU D ������→����� UHGLVWULEXWLRQ�

)URP WKH VHQG SURFHVVRU�GDWD VHWV� ZH FDQ SDFN DUUD\

HOHPHQWV LQWR PHVVDJHV DQG VHQG PHVVDJHV WR WKHLU

FRUUHVSRQGLQJ GHVWLQDWLRQ SURFHVVRUV� 7KH QDLYH ZD\ WR

SDFN DUUD\ HOHPHQWV LQWR PHVVDJHV LV WR FRS\ WKHP WR

PHVVDJHV RQH HOHPHQW DW D WLPH DFFRUGLQJ WR WKH VHQG

SURFHVVRU�GDWD VHWV� :H GHILQH WKH RSHUDWLRQ RI PRYLQJ D

EORFN RI GDWD EHWZHHQ D ORFDO DUUD\ DQG D PHVVDJH DV D

GDWD�PRYHPHQW RSHUDWLRQ� 6LQFH SDFNLQJ LV D VHTXHQFH

RI GDWD�PRYHPHQW RSHUDWLRQV� LI WKH ORFDO DUUD\ VL]H LV

ODUJH� WKLV QDLYH PHWKRG PD\ SURGXFH KLJK SDFNLQJ FRVW�

,I ZH FDQ UHGXFH WKH QXPEHU RI GDWD�PRYHPHQW RSHUDWLRQV�

WKH SDFNLQJ FRVW FDQ EH UHGXFHG� )URP WKH LQGH[LQJ



PHWKRG GHVFULEHG DERYH� IRU D VRXUFH SURFHVVRUV 3L� LI WKH

GHVWLQDWLRQ SURFHVVRU RI 6/$L>��U−�@ LV 4M� WKHQ WKH

GHVWLQDWLRQ SURFHVVRUV RI 6/$L>U�U�W−�@�
6/$L>U�W�U��W−�@� �� DQG 6/$L>U��V−U��W×W�V−�@ DUH

( )4MPRG4 ��+ � ( )4MPRG4 ��+ � �� DQG ( ) ( )4WUVMPRG4 ��−+ �

UHVSHFWLYHO\� ZKHUH � ≤ U ≤ W� )RU HDFK VRXUFH SURFHVVRU

3L� ZH FDQ FRQVWUXFW D SDFNLQJ SDWWHUQ WDEOH 337L>��4−�@
WR GHVFULEH WKH DERYH VHQG SURFHVVRU�GDWD VHWV� )RU

H[DPSOH� IRU WKH VHQG SURFHVVRU�GDWD VHWV RI WKH ILUVW

JHQHUDOL]HG EDVLF�F\FOH VKRZQ LQ )LJXUH �� IRU VRXUFH

SURFHVVRU 3�� LWV FRUUHVSRQGLQJ SDFNLQJ SDWWHUQ WDEOH LV

JLYH DV IROORZV�
337�>�@  ^^�� �`� ^��� �``�

337�>�@  ^^�� �`� ^��� �``�

337�>�@  ^^�� �`� ^��� �``�

337�>�@  ^^�� �`� ^��� �``�

(DFK HQWU\ RI D SDFNLQJ SDWWHUQ WDEOH FRQWDLQV D OLVW RI

GHVFULSWRUV� (DFK GHVFULSWRU VWRUHV LQIRUPDWLRQ RI WKH VWDUW

SRVLWLRQ DQG WKH QXPEHU RI DUUD\ HOHPHQWV WR EH SDFNHG ZKHQ

SHUIRUPLQJ D GDWD�PRYHPHQW RSHUDWLRQ� $ GHVFULSWRU LV RI

WKH IRUP ^SRV� OHQ`� ZKHUH SRV GHQRWHV WKH VWDUW SRVLWLRQ DQG

OHQ LV WKH QXPEHU RI DUUD\ HOHPHQWV WR EH SDFNHG� ,W LV

SRVVLEOH WKDW WKH ODVW DUUD\ HOHPHQW RI VRXUFH VHFWLRQ P DQG

WKH ILUVW DUUD\ HOHPHQW RI VRXUFH VHFWLRQ P�� KDYH WKH VDPH

GHVWLQDWLRQ SURFHVVRU� ,Q RXU LPSOHPHQWDWLRQ� ZH ZLOO

FRPELQH WKH GHVFULSWRUV FRUUHVSRQGLQJ WR WKHVH WZR DUUD\

HOHPHQWV WR D GHVFULSWRU� %DVHG RQ WKH DERYH SDFNLQJ

SDWWHUQ WDEOH 337�>���@� ZKHQ SDFNLQJ DUUD\ HOHPHQWV ZKRVH

GHVWLQDWLRQ SURFHVVRU LV 4� LQWR PHVVDJH�� WKH HQWU\ 337�>�@

 ^^�� �`� ^��� �`` ZLOO EH XVHG� $FFRUGLQJ WR 337�>�@  

^^�� �`� ^��� �``� VRXUFH SURFHVVRU 3� ZLOO SDFN DUUD\

HOHPHQWV 6/$�>���@ DQG 6/$�>�����@ LQ WKH ILUVW JHQHUDOL]HG

EDVLF�F\FOH RI 6/$� LQWR PHVVDJH�>���@ �GHVFULSWRU ^���`� DQG

PHVVDJH�>���@ �GHVFULSWRU ^����`�� UHVSHFWLYHO\� $UUD\

HOHPHQWV 6/$�>��*%&���*%&@ DQG 6/$�>���*%&����*%&@

LQ WKH VHFRQG JHQHUDOL]HG EDVLF�F\FOH RI 6/$� ZLOO EH SDFNHG

LQWR PHVVDJH�>���@ �GHVFULSWRU ^���`� DQG PHVVDJH�>���@

�GHVFULSWRU ^����`�� UHVSHFWLYHO\� DQG VR RQ� %DVHG RQ WKH

SDFNLQJ SDWWHUQ WDEOH� WKH WRWDO QXPEHU RI GDWD�PRYHPHQW

RSHUDWLRQV SHUIRUPHG E\ HDFK VRXUFH SURFHVVRU 3L LV HTXDO WR

�WKH QXPEHU RI GHVFULSWRUV LQ 337L>��4−�@� × �WKH QXPEHU RI

JHQHUDOL]HG EDVLF�F\FOHV LQ 6/$L� ZKLFK LV PXFK OHVV WKDQ WKDW

RI WKH QDLYH PHWKRG�

��� 5HFHLYH 3KDVH

6LPLODU WR WKH VHQG SKDVH� JLYHQ D �V�3�→�W� 4�

UHGLVWULEXWLRQ RQ $>��1−�@� IRU GHVWLQDWLRQ SURFHVVRU 4M�

WKH VRXUFH SURFHVVRU RI DUUD\ HOHPHQW '/$M>N@ LQ

'/$M>��*%&−�@ FDQ EH GHWHUPLQHG E\ WKH IROORZLQJ

HTXDWLRQV�

( )   ( )WNPRGWM4WWNNUJLQGH[ M �� +×+××= ���

( )( ) ( ) ( )3VNUJLQGH[PRGNUJLQGH[VS MMM ��= ���

( ) WM4NNUJLQGH[ ML ×+×= ���

ZKHUH N LV WKH ORFDO DUUD\ LQGH[ RI WKH ILUVW DUUD\ HOHPHQW RI D

VRXUFH VHFWLRQ� 7KH DOJRULWKP RI WKH *%&& PHWKRG LV JLYHQ

DV IROORZV�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB

$OJRULWKP *%&& �V� 3� W� 4�

�
 6HQG 3KDVH 
�

�� L  JHWBP\UDQNBRIBVRXUFHBSURFHVVRUV���

�� FDOO 337BFRQVWUXFWLRQ�L� V� 3� W� 4��

�� IRU M  � WR 4−�
�� LI FM ! � WKHQ

�� SDFN GDWD IURP VRXUFH ORFDO DUUD\ WR D PHVVDJH

DFFRUGLQJ WR 337L>M@�

�� VHQG PHVVDJH WR 4M�

�� HQGLI

�� HQGIRU
�
 5HFHLYH 3KDVH 
�

�� M  JHWBP\UDQNBRIBGHVWLQDWLRQBSURFHVVRUV���

��� FDOO 837BFRQVWUXFWLRQ�M� V� 3� W� 4��
��� IRU L  � WR 3−�
��� LI FL ! � WKHQ

��� UHFHLYH PHVVDJH IURP 3L�

��� XQSDFN UHFHLYHG PHVVDJH WR GHVWLQDWLRQ ORFDO

DUUD\ DFFRUGLQJ WR 837M>L@�

��� HQGLI

��� HQGIRU
��� ZDLW IRU DOO FRPPXQLFDWLRQ�
(QGBRIB*%&&

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB

��� 7KH *%&& PHWKRG IRU 0XOWL�'LPHQVLRQDO

$UUD\ 5HGLVWULEXWLRQ

7KH *%&& PHWKRG FDQ EH HDVLO\ H[WHQGHG WR SHUIRUP

PXOWL�GLPHQVLRQDO DUUD\ UHGLVWULEXWLRQV� ,Q WKH VHQG

SKDVH� WKH SDFNLQJ SDWWHUQ WDEOH IRU HDFK GLPHQVLRQ LV

FDOFXODWHG E\ XVLQJ WKH *%&& PHWKRG� %DVHG RQ WKH

SDFNLQJ SDWWHUQ WDEOHV� DUUD\ HOHPHQWV WKDW ZLOO EH VHQW WR

WKH VDPH GHVWLQDWLRQ SURFHVVRU DUH SDFNHG GLPHQVLRQ E\

GLPHQVLRQ VWDUWLQJ IURP WKH ILUVW �ODVW� GLPHQVLRQ LI DUUD\

LV LQ FROXPQ�PDMRU �URZ�PDMRU�� ,Q WKH UHFHLYH SKDVH�

WKH XQSDFNLQJ SDWWHUQ WDEOH IRU HDFK GLPHQVLRQ LV

FDOFXODWHG E\ XVLQJ WKH *%&& PHWKRG� %DVHG RQ WKH

XQSDFNLQJ SDWWHUQ WDEOHV� HOHPHQWV LQ D PHVVDJH WKDW ZDV

UHFHLYHG IURP D VRXUFH SURFHVVRU DUH XQSDFNHG WR WKHLU

FRUUHVSRQGLQJ SRVLWLRQV GLPHQVLRQ E\ GLPHQVLRQ VWDUWLQJ

IURP WKH ILUVW �ODVW� GLPHQVLRQ LI DUUD\ LV LQ FROXPQ�PDMRU

�URZ�PDMRU��

7KH DOJRULWKP IRU WKH *%&& PHWKRG WR SHUIRUP

PXOWL�GLPHQVLRQDO DUUD\ UHGLVWULEXWLRQ LV JLYHQ DV IROORZV�

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB

$OJRULWKP *%&&B0' �V>@� 3>@� W>@� 4>@�

�
 6HQG 3KDVH 
�

�� L>@ UDQNVBRIBHDFKBGLPHQVLRQ���

�� IRU G  � WR QXPEHUBRIBGLPHQVLRQ

�� FDOO 337BFRQVWUXFWLRQ�L>G@� V>G@� 3>G@� W>G@� 4>G@��

�� HQGIRU



�� IRU M>@  � WR 4>@ − �

�� LI FM>@ ! � WKHQ

�� SDFN GDWD IURP VRXUFH ORFDO DUUD\ WR D PHVVDJH

DFFRUGLQJ WR 337L>@>M>@@�

�� VHQG PHVVDJH WR 4M>@�

�� HQGLI

��� HQGIRU

�
 5HFHLYH 3KDVH 
�

��� M>@ UDQNVBRIBHDFKBGLPHQVLRQ���

��� IRU G  � WR QXPEHUBRIBGLPHQVLRQ

��� FDOO 837BFRQVWUXFWLRQ�M>G@� V>G@� 3>G@� W>G@� 4>G@��

��� HQGIRU

��� IRU L>@  � WR 3>@−�
��� LI FL>@ ! � WKHQ

��� UHFHLYH PHVVDJH IURP 3L>@�

��� XQSDFN UHFHLYHG PHVVDJH WR GHVWLQDWLRQ ORFDO

DUUD\ DFFRUGLQJ WR 837M>@ >L>@@�

��� HQGLI

��� HQGIRU

��� ZDLW IRU DOO FRPPXQLFDWLRQ�

(QGBRIB*%&&B0'

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB

�� ([SHULPHQWDO 5HVXOWV

7R HYDOXDWH WKH SHUIRUPDQFH RI WKH *%&& PHWKRG�

ZH FRPSDUH WKH SURSRVHG PHWKRG ZLWK WKH 3,7)$//6

PHWKRG DQG WKH 6FD/$3$&. PHWKRG� %RWK WKHRUHWLFDO

DQG H[SHULPHQWDO SHUIRUPDQFH HYDOXDWLRQV ZHUH

FRQGXFWHG� :H ILUVW GHYHORS FRVW PRGHOV IRU WKHVH WKUHH

PHWKRGV DQG DQDO\]H WKHLU SHUIRUPDQFH LQ WHUPV RI WKH

LQGH[LQJ DQG WKH SDFNLQJ�XQSDFNLQJ FRVWV� 7KH FRVW

PRGHOV GHYHORSHG IRU WKH 3,7)$//6 PHWKRG DQG WKH

6FD/$3$&. PHWKRG DUH EDVHG RQ DOJRULWKPV SURSRVHG LQ

>��@ DQG >��@� UHVSHFWLYHO\� :H WKHQ H[HFXWH WKHVH WKUHH

PHWKRGV RQ DQ ,%0 63� SDUDOOHO PDFKLQH DQG XVH WKH FRVW

PRGHOV WR DQDO\]H WKH H[SHULPHQWDO UHVXOWV�

��� &RVW 0RGHOV

*LYHQ D �V� 3�→�W� 4� UHGLVWULEXWLRQ RQ D RQH�

GLPHQVLRQDO DUUD\ $>��1−�@� WKH WLPH IRU DQ DOJRULWKP WR

SHUIRUP WKH UHGLVWULEXWLRQ� LQ JHQHUDO� FDQ EH PRGHOHG DV

IROORZ�
7  7FRPS� � 7FRPP� ���

)RU WKH VDPH UHGLVWULEXWLRQ� WKH WRWDO QXPEHU RI

PHVVDJHV DQG WKH VL]H RI PHVVDJHV VHQW DQG UHFHLYHG E\

HDFK SURFHVVRU DUH WKH VDPH IRU WKHVH WKUHH PHWKRGV�

$OWKRXJK WKH\ DOO XVH DV\QFKURQRXV FRPPXQLFDWLRQ

VFKHPHV� ZH DVVXPH WKDW WKH FRPPXQLFDWLRQ FRVWV RI WKHVH

WKUHH PHWKRGV DUH WKH VDPH LQ RXU WKHRUHWLFDO PRGHO�

7KHUHIRUH� ZH ZLOO IRFXV RQ WKH DQDO\VLV RI WKH

FRPSXWDWLRQ FRVWV RI WKHVH WKUHH PHWKRGV�

7KH FRPSXWDWLRQ FRVW FRQVLVWV RI WKH LQGH[LQJ FRVW

DQG WKH SDFNLQJ�XQSDFNLQJ FRVW� 7KH LQGH[LQJ FRVW LV WKH

WLPH WR FRQVWUXFW WKH VHQG�UHFHLYH SURFHVVRU�GDWD VHWV IRU D

UHGLVWULEXWLRQ� 7KH SDFNLQJ�XQSDFNLQJ FRVW LV WKH WLPH WR

SDFN DQG XQSDFN DUUD\ HOHPHQWV� :H KDYH WKH IROORZLQJ

HTXDWLRQ�

7FRPS  7LQGH[ � 7�XQ�SDFN� ���

ZKHUH 7LQGH[ DQG 7�XQ�SDFN DUH WKH LQGH[LQJ FRVW DQG WKH

SDFNLQJ�XQSDFNLQJ FRVW RI D UHGLVWULEXWLRQ� UHVSHFWLYHO\�

,Q RXU DQDO\VLV� WKH SDFNLQJ�XQSDFNLQJ FRVW LV UHSUHVHQWHG

LQ WHUPV RI WKH QXPEHU RI GDWD�PRYHPHQW RSHUDWLRQV�

)RU WKH 3,7)$//6 PHWKRG� WKH LQGH[LQJ FRVW IRU D

SURFHVVRU WR SHUIRUP WKH HIILFLHQW )$//6 LQWHUVHFWLRQ

DOJRULWKP >��@ LV

7LQGH[�3,7)$//6� 

( )
( )

( )
( ) 


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7KH SDFNLQJ�XQSDFNLQJ FRVW RI WKH 3,7)$//6 PHWKRG LV

7�XQ�SDFN�3,7)$//6�  ( ) 



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

 +
WVPLQ

4131
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�
����

)RU WKH 6FD/$3$&. PHWKRG >��@� WKH LQGH[LQJ FRVW

IRU D SURFHVVRU WR GHWHUPLQDWH WKH VHQG SURFHVVRU�GDWD VHWV

LV
7LQGH[�6FD/$3$&.� 

( )
( )

( )
( ) 




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7KH SDFNLQJ�XQSDFNLQJ FRVW RI WKH 6FD/$3$&. PHWKRG LV

7�XQ�SDFN�6FD/$3$&.�  ( ) 




 +
WVPLQ

4131
2

�

����

)URP (TXDWLRQV ���� WR ����� ZH FDQ VHH WKDW WKH

6FD/$3$&. PHWKRG DQG WKH 3,7)$//6 PHWKRG KDYH WKH

VDPH LQGH[LQJ DQG SDFNLQJ�XQSDFNLQJ WLPH FRPSOH[LWLHV�

)RU WKH *%&& PHWKRG� DFFRUGLQJ WR WKH DOJRULWKP

SUHVHQWHG LQ 6HFWLRQV ��� DQG ���� WKH LQGH[LQJ FRVW LV

7LQGH[�*%&&�  
( )

( )
( )

( ) 



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����

$FFRUGLQJ WR 6HFWLRQV ��� DQG ���� WKH

SDFNLQJ�XQSDFNLQJ FRVW RI WKH JHQHUDOL]HG EDVLF

FDOFXODWLRQ PHWKRG FDQ EH FODVVLI\ LQWR WKUHH FODVVHV�

V!W×4� W ! V×3� DQG RWKHUZLVH� )RU WKH ILUVW FODVV V ! W×4�

DUUD\ HOHPHQWV WKDW KDYH WKH VDPH GHVWLQDWLRQ SURFHVVRUV

LQ WKH VDPH VRXUFH VHFWLRQ ZLOO KDYH FRQVHFXWLYH ORFDO

DUUD\ LQGLFHV LQ LWV FRUUHVSRQGLQJ GHVWLQDWLRQ ORFDO DUUD\�

7KHUHIRUH�
4W

V

×
GDWD�PRYHPHQW RSHUDWLRQV DUH QHHGHG WR

SDFN WKRVH DUUD\ HOHPHQWV WR D PHVVDJH DQG RQH GDWD�

PRYHPHQW RSHUDWLRQ LV QHHGHG WR XQSDFN WKRVH DUUD\

HOHPHQWV WR WKHLU FRUUHVSRQGLQJ ORFDO DUUD\ SRVLWLRQV�

)LJXUH � JLYHV DQ H[DPSOH WR VKRZ WKLV EHKDYLRU� )RU WKH



VHFRQG FODVV W ! V×3� WKHUH DUH VLPLODU EHKDYLRUV LQ WKH

SDFNLQJ�XQSDFNLQJ�

)LJXUH �� *LYHQ D ���� ��→��� �� UHGLVWULEXWLRQ� WKH

VKDGRZHG DUUD\ HOHPHQWV LQ D VRXUFH VHFWLRQ RI 6/$� ZLOO

EH VHQW IURP 3� WR 4�� 7KHUH DUH VL[ GDWD�PRYLQJ

RSHUDWLRQV DQG RQH GDWD�PRYLQJ RSHUDWLRQ LQ WKH VHQGLQJ

SKDVH DQG WKH UHFHLYLQJ SKDVH� UHVSHFWLYHO\�

7KH LQGH[LQJ FRVWV RI WKHVH WKUHH FODVVHV DUH JLYHQ DV

IROORZV�

7�XQ�SDFN�*%&&�  
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)URP WKH DERYH DQDO\VLV� WKH LQGH[LQJ FRVW RI WKH

*%&& PHWKRG LV OHVV WKDQ WKDW RI WKH 3,7)$//6 PHWKRG

DQG WKH 6FD/$3$&. PHWKRG� 7KH SDFNLQJ�XQSDFNLQJ

FRVW RI WKH *%&& PHWKRG LV OHVV WKDQ RU HTXDO WR WKDW RI

WKH 3,7)$//6 PHWKRG DQG WKH 6FD/$3$&. PHWKRG�

7DEOH � VXPPDUL]HV WKH LQGH[LQJ FRVWV DQG WKH

SDFNLQJ�XQSDFNLQJ FRVWV RI WKHVH WKUHH PHWKRGV�

��� ([SHULPHQWDO 5HVXOWV

7R YHULI\ WKH SHUIRUPDQFH DQDO\VLV SUHVHQWHG LQ

6HFWLRQ ���� WKH *%&& PHWKRG� WKH 3,7)$//6 PHWKRG�

DQG WKH 6FD/$3$&. PHWKRG ZHUH LPSOHPHQWHG RQ DQ

,%0 63� SDUDOOHO PDFKLQH� $OO DOJRULWKPV ZHUH ZULWWHQ

LQ WKH VLQJOH SURJUDP PXOWLSOH GDWD �630'� SURJUDPPLQJ

SDUDGLJP ZLWK &�03, FRGHV� %DVHG RQ WKH YDOXHV RI V� W�

3� DQG 4 LQ D �V� 3�→�W� 4� UHGLVWULEXWLRQ� ZH KDYH WKH

IROORZLQJ WKUHH FDVHV�

FDVH �� V ≤ W×4 DQG W ≤ V×3�
FDVH �� V ! W×4 RU W ! V×3�
FDVH �� 3  N3©� 4  N4© ZKHUH JFG�3©� 4©�  � DQG N ≥ ��

)RU HDFK FDVH� GLIIHUHQW UHGLVWULEXWLRQV ZHUH XVHG DV

WHVW VDPSOHV� (DFK WHVW VDPSOH ZDV H[HFXWHG �� WLPHV�

7KH PHDQ WLPH IRU WKH �� WHVWV ZDV XVHG DV WKH WLPH RI D

WHVW VDPSOH� :H DOVR JLYH H[SHULPHQWDO UHVXOWV IRU WZR�

GLPHQVLRQDO DUUD\ UHGLVWULEXWLRQV�

7DEOH �� 7KH LQGH[LQJ FRVWV DQG WKH SDFNLQJ�XQSDFNLQJ FRVWV

RI WKH 3,7)$//6 PHWKRG� WKH 6FD/$3$&. PHWKRG� DQG WKH

*%&& PHWKRG IRU D �V�3�→�W�4� UHGLVWULEXWLRQ RQ D RQH�

GLPHQVLRQDO DUUD\ ZLWK 1 DUUD\ HOHPHQWV�

&DVH �� V ≤ W×4 DQG W ≤ V×3
7DEOH � VKRZV WKH LQGH[LQJ FRVWV� WKH

SDFNLQJ�XQSDFNLQJ FRVWV� WKH FRPPXQLFDWLRQ FRVWV� DQG

WKH WRWDO FRVWV IRU WKHVH WKUHH PHWKRGV WR SHUIRUP WHVW

VDPSOHV LQ WKLV FDVH RQ DUUD\V ZLWK 1  ����� DQG 1  

��������� )URP 7DEOH �� ZH FDQ VHH WKDW WKH LQGH[LQJ

FRVWV RI WKH *%&& PHWKRG DUH OHVV WKDQ WKRVH RI WKH

6FD/$3$&. PHWKRG DQG WKH 3,7)$//6 PHWKRG IRU DOO

WHVW VDPSOHV� :H DOVR REVHUYH WKDW WKH LQGH[LQJ FRVWV RI

WKHVH WKUHH PHWKRGV DUH LQGHSHQGHQW RI WKH DUUD\ VL]H�

7KHVH SKHQRPHQD PDWFK WKH LQGH[LQJ FRVW PRGHOV

SUHVHQWHG LQ 6HFWLRQ ����

$FFRUGLQJ WR 7DEOH �� LQ WKLV FDVH� WKHVH WKUHH

PHWKRGV KDYH WKH VDPH SDFNLQJ�XQSDFNLQJ FRVWV�

+RZHYHU� IURP 7DEOH �� ZH FDQ VHH WKDW WKH

SDFNLQJ�XQSDFNLQJ FRVWV RI WKH *%&& PHWKRG DUH OHVV

WKDQ WKRVH RI WKH 6FD/$3$&. PHWKRG ZKLFK DUH OHVV WKDQ

WKRVH RI WKH 3,7)$//6 PHWKRG IRU DOO WHVW VDPSOHV� 7KH

UHDVRQ RI WKLV VLWXDWLRQ LV WKDW WKH *%&& PHWKRG XVHV D

VLPSOHU FRPSXWDWLRQ DSSURDFK WKDQ WKDW RI WKH

6FD/$3$&. PHWKRG ZKLFK XVHV D VLPSOHU FRPSXWDWLRQ

DSSURDFK WKDQ WKDW RI WKH 3,7)$//6 PHWKRG ZKHQ

SDFNLQJ�XQSDFNLQJ DUUD\ HOHPHQWV�

)RU WKH FRPPXQLFDWLRQ FRVWV� WKHVH WKUHH PHWKRGV XVH

DV\QFKURQRXV FRPPXQLFDWLRQ VFKHPHV� 7KHUH KDV QR

FOHDU ZLQQHU LQ WKH FRPPXQLFDWLRQ FRVW SDUW IRU DOO WHVW

VDPSOHV GXH WR WKH FKDUDFWHU RI DQ DV\QFKURQRXV

FRPPXQLFDWLRQ VFKHPH� 7KHVH WKUHH PHWKRGV KDYH

DSSUR[LPDWHO\ WKH VDPH FRPPXQLFDWLRQ FRVWV IRU DOO WHVW

VDPSOHV�

7DEOH �� 7KH LQGH[LQJ FRVWV� WKH SDFNLQJ�XQSDFNLQJ FRVWV� WKH

FRPPXQLFDWLRQ FRVWV� DQG WKH WRWDO FRVWV IRU WKHVH WKUHH

PHWKRGV WR SHUIRUP WHVW VDPSOHV LQ WKLV FDVH RQ DUUD\V ZLWK 1

 ����� DQG 1  ���������



&DVH �� V ! W×4 RU W ! V×3
7DEOH � VKRZV WKH LQGH[LQJ FRVWV� WKH

SDFNLQJ�XQSDFNLQJ FRVWV� WKH FRPPXQLFDWLRQ FRVWV� DQG

WKH WRWDO FRVWV IRU WKHVH WKUHH PHWKRGV WR SHUIRUP WHVW

VDPSOHV LQ WKLV FDVH RQ DUUD\V ZLWK 1  ����� DQG 1  

��������� )URP 7DEOH �� IRU WKH LQGH[LQJ FRVWV� ZH

KDYH VLPLODU REVHUYDWLRQV DV WKRVH GHVFULEHG IRU &DVH ��

)URP 7DEOH �� ZH FDQ VHH WKH SDFNLQJ�XQSDFNLQJ

FRVWV RI WKHVH WKUHH PHWKRGV GHSHQG RQ WKH DUUD\ VL]H�

7KHUHIRUH� ZKHQ WKH ORFDO DUUD\ VL]H LV ODUJH� WKH

SHUIRUPDQFH RI D SDFNLQJ�XQSDFNLQJ PHWKRG SOD\V DQ

LPSRUWDQW UROH LQ D UHGLVWULEXWLRQ� )URP 7DEOH �� IRU WKH

VDPH WHVW VDPSOH ZLWK DUUD\ VL]H 1  ��������� ZH FDQ

VHH WKDW WKH SDFNLQJ�XQSDFNLQJ FRVW RI WKH *%&& PHWKRG

LV PXFK OHVV WKDQ WKRVH RI WKH 3,7)$//6 PHWKRG DQG WKH

6FD/$3$&. PHWKRG� 7KHVH SKHQRPHQD PDWFK WKH

WKHRUHWLFDO SHUIRUPDQFH DQDO\VLV SUHVHQWHG LQ 6HFWLRQ ����

7KHUHIRUH� WKH SDFNLQJ�XQSDFNLQJ PHWKRG SURYLGHG LQ WKH

*%&& PHWKRG RXWSHUIRUPV WKRVH RI SURYLGHG LQ WKH

3,7)$//6 PHWKRG DQG WKH 6FD/$3$&. PHWKRG IRU WKLV

FDVH�

&DVH �� 3  N3©� 4  N4© ZKHUH JFG�3©� 4©�  � DQG N ≥ �

)LJXUH � VKRZV WKH LQGH[LQJ FRVWV RI �V� N3©�→�W� N4©�

UHGLVWULEXWLRQV ZLWK DUUD\ VL]H 1  ��������� ZKHUH N  �

WR �� )URP )LJXUH �� ZH FDQ VHH WKDW WKH LQGH[LQJ FRVWV

RI WKH 3,7)$//6 PHWKRG DQG WKH 6FD/$3$&. PHWKRG

LQFUHDVH ZKHQ WKH YDOXH RI N LQFUHDVHV� 7KH LQGH[LQJ

FRVWV RI WKH *%&& PHWKRG DUH LQGHSHQGHQW RI WKH YDOXH RI

N� $V GHVFULEHG LQ 6HFWLRQ ���� ERWK 7LQGH[�3,7)$//6�

DQG 7LQGH[�6FD/$3$&.� VKRZQ LQ (TXDWLRQV ���� DQG ����

DUH DSSUR[LPDWHO\ WR ( )4W3VJFG

3V4W

××
×+×
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ZKLFK LV LQGHSHQGHQW RI

WKH YDOXH RI N� 7KHUHIRUH� WKH H[SHULPHQWDO UHVXOWV PDWFK

WKH WKHRUHWLFDO DQDO\VLV IRU WKLV FDVH�

)LJXUH �� 7KH LQGH[LQJ FRVWV RI WKH �V� N3©�→�W� N4©�

UHGLVWULEXWLRQ ZKHUH N  �� �� �� �� DQG ��

([SHULPHQWDO 5HVXOWV IRU 7ZR�GLPHQVLRQDO DUUD\

UHGLVWULEXWLRQV
7DEOH � VKRZV WKH LQGH[LQJ FRVWV� WKH

SDFNLQJ�XQSDFNLQJ FRVWV� WKH FRPPXQLFDWLRQ FRVWV� DQG

WKH WRWDO FRVWV RI WKHVH WKUHH PHWKRGV WR SHUIRUP WZR�

GLPHQVLRQDO DUUD\ UHGLVWULEXWLRQV RQ DUUD\V ZLWK VL]H

���[��� DQG ����[����� )URP 7DEOH �� ZH FDQ VHH WKDW

WKH SURSRVHG PHWKRG RXWSHUIRUPV WKH 3,7)$//6 PHWKRG

DQG WKH 6FD/$3$&. PHWKRG IRU DOO WHVW VDPSOHV�

�� &RQFOXVLRQV

,Q WKLV SDSHU� ZH KDYH SUHVHQWHG D JHQHUDOL]HG EDVLF�

F\FOH FDOFXODWLRQ PHWKRG WR HIILFLHQWO\ SHUIRUP D JHQHUDO

DUUD\ UHGLVWULEXWLRQ RI %/2&.�&<&/,&�V� RYHU 3

SURFHVVRUV WR %/2&.�&<&/,&�W� RYHU 4 SURFHVVRUV�

7KH EDVLF LGHD RI WKH *%&& PHWKRG LV WR FRQVWUXFW WKH

SDFNLQJ �XQSDFNLQJ� SDWWHUQ WDEOH IRU DUUD\ HOHPHQWV LQ WKH

ILUVW JHQHUDOL]HG EDVLF�F\FOH RI D VRXUFH �GHVWLQDWLRQ� ORFDO

DUUD\� %DVHG RQ WKH SDFNLQJ �XQSDFNLQJ� SDWWHUQ WDEOH� D

VRXUFH �GHVWLQDWLRQ� SURFHVVRU FDQ SDFN �XQSDFN� DUUD\

HOHPHQWV� 7R HYDOXDWH WKH SHUIRUPDQFH RI WKH *%&&

PHWKRG� ZH FRPSDUH LW ZLWK WKH 3,7)$//6 PHWKRG DQG WKH

6FD/$3$&. PHWKRG� %RWK WKHRUHWLFDO DQG H[SHULPHQWDO

SHUIRUPDQFH DQDO\VLV ZHUH FRQGXFWHG IRU WKHVH WKUHH

PHWKRGV� 7KH WKHRUHWLFDO SHUIRUPDQFH DQDO\VLV VKRZV

WKDW WKH LQGH[LQJ FRVW RI WKH *%&& PHWKRG LV OHVV WKDQ

WKDW RI WKH 3,7)$//6 PHWKRG DQG WKH 6FD/$3$&.

PHWKRG� 7KH SDFNLQJ�XQSDFNLQJ FRVW RI WKH *%&&

PHWKRG LV OHVV WKDQ RU HTXDO WR WKRVH RI WKH 3,7)$//6

PHWKRG DQG WKH 6FD/$3$&. PHWKRG� 7KH H[SHULPHQWDO

UHVXOWV GHPRQVWUDWH WKDW WKH *%&& PHWKRG RXWSHUIRUPV



WKH 3,7)$//6 PHWKRG DQG WKH 6FD/$3$&. PHWKRG IRU DOO

WHVW VDPSOHV�
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